Thanks to their various benefits, composite beams have been increasingly used in various applications. This study will focus on two-layer composite beams with a flexible shear interface between layers. The finite element method, in particular its displacement-based formulation, has been recognized as the most popular method for numerical analysis of composite beams. However, when applied to Timoshenko beams with partial interaction, the displacement-based formulation may suffer from the so-called shear-locking and slip-locking phenomena, leading to erroneous solutions. Hybrid and mixed finite element formulations have been viewed as competitive alternatives, since they naturally avoid locking effects. Special types of these formulations are the so-called equilibrium-based formulations, producing statically admissible solutions. This work introduces for the first time an equilibrium-based finite element formulation for the analysis of Timoshenko composite beams with partial interaction. The formulation relies on a variational principle of complementary energy involving only force/moment-like variables as fundamental unknown fields. The approximate field variables are selected such that all equilibrium equations hold in strong form. The inter-element equilibrium is enforced by resorting to the Lagrangian multiplier method. Unlike traditional displacement-based finite element formulations, the proposed scheme is naturally free from both shearand slip-locking phenomena. The accuracy and effectiveness of the new formulation is numerically assessed through the analysis of several numerical examples. In particular, the ability of the formulation to model accurately both very flexible and very stiff shear connections is numerically shown.
Introduction
Composite materials have a number of advantages over their isotropic counterparts, including low density, high strength and stiffness, as well as tailoring their properties by changing fibre orientation. Composite beams have been increasingly used in various industries, such as aerospace, automotive, nuclear, marine, biomedical, and civil engineering. Composite sandwich and laminated beams are typical components used in aerospace structures, while in civil engineering, steel-concrete composite beams in buildings and bridges, wood-concrete floor systems, and concrete beams externally reinforced with laminates are often encountered. This study focuses on two-layer composite beams with a single flexible shear interface, such as steel-concrete beams or two-layer wooden beams.
The mechanical behaviour of composite structures depends to a large extent on the character of bonding. If the layers are connected continuously by means of strong adhesives, the mechanical assumption of a perfect bond between the layers is reasonable. However, the layers are often connected non-continuously, by means of connectors, such as shear studs and nails, which are not rigid. Therefore, some slip and uplift can occur at the interlayer. While the uplift is often small and can be neglected, the interlayer slip significantly affects the behaviour of composite elements. This phenomenon is called partial (or incomplete) interaction and is an important issue in composite structures [24] . In fact, the inclusion of the interlayer-slip effect in the theory of composite beams is essential for optimal design and accurate representation in simulations of the actual mechanical behaviour of composite structures with partial interaction. Many efforts and a large number of research studies have been devoted to obtain the solution to this problem.
The first one-dimensional composite beam model with flexible shear connectors was developed by Newmark et al. [23] , in which two layers were assumed to be connected in such a way that vertical separation did not occur between the components. Both layers were assumed to follow the kinematic assumptions of the EulerBernoulli beam theory. Fairly recently, analytical solution methods based on Newmark's model for the static response of two-layer beams with interlayer slip in the linear-elastic regime were proposed, e.g., in [39, 15, 19, 28, 27, 16] . All these studies are based on the Euler-Bernoulli beam theory, which considers that planes that are perpendicular to the beam axis before bending will remain plane and perpendicular to it after deformation. In other words, the Euler-Bernoulli beam theory does not consider any effect of transverse shear deformation. However, for beams either with a small span-to-depth ratio, low shear rigidity, or continuous spans, the effect of transverse shear deformation is not small and, therefore, cannot be disregarded. The shear deformation effect was incorporated in the analysis for the first time by Murakami [21] , who used Timoshenko's (also often referred to as first-order) beam theory to represent the deformation of the beam layers. Analytical solutions for two-layer beam elements based on the first-order shear deformation theory, in which different shear deformations were allowed in the two layers, were derived in [36] . A formulation for the analysis of members with non-uniformly distributed shear connectors and interlayer transverse separation was proposed in [6] . For a review on various Euler-Bernoulli and Timoshenko-based models that were proposed in the literature for the analysis of composite beams with partial interaction the reader is referred to [20] .
Composite elements based on (more sophisticated) higher-order shear deformation beam theories, which incorporate the warping of the beam section produced by shear deformation by taking a nonlinear variation of the axial displacement of the fibres over the beam depth, were proposed in, e.g., [43, 11, 1, 38, 22, 5] . Numerical methods, in particular the finite element method, have also been widely used in the analysis of both linear and non-linear composite beams with partial interaction. Displacement-based Timoshenko finite element formulations for the analysis of partial interaction composite members were developed in, e.g., [2, 10, 7] . However, these formulations may suffer from the shear-locking and slip-locking phenomena.
As is well known, classical displacement-based Timoshenko beam elements with the same interpolation of both the transverse and rotation fields behave very stiff in the thin-beam limit, i.e., as the length-to-thickness ratio becomes large. Such a behaviour is known as shear-locking and is due to the inconsistency of the interpolation for the transverse and rotation fields. To overcome shear-locking, one may use equal interpolation for both fields, but use a lower-order polynomial for the shear strain. This is often realized by using selective integration, in which reduced-order integration is used to evaluate the stiffness coefficients associated with the transverse shear strain, and all other coefficients of the stiffness matrix are evaluated using full integration. Unfortunately, this procedure leads to spurious energy modes [26] . Alternative approaches based on hybrid and mixed finite element formulations to alleviate shear-locking were pursued by many investigators, e.g., [18, 25, 37, 17] . While the latter are based on multi-field variational principles, such as a two-field Hellinger-Reissner principle or a three-field Hu-Washizu principle, the former rely on modified variational principles with relaxed continuity requirements across element boundaries, thus assuming independent approximations for field variables within the element and along the boundaries.
As for the slip-locking phenomenon, it occurs due to the coupling between the transverse and axial displacement fields and it can lead to erroneous oscillations in the slip field and a considerable reduction of the optimal rate of convergence for high values of the connection stiffness [7, 8] . Models that attempt to overcome these limitations within the framework of composite members with partial interaction were proposed in [30, 4, 9, 3, 36] . Alternative strategies to alleviate the slip-locking behaviour in the classical displacement-based finite element formulation were recently adopted in [14] , where techniques based on the assumed strain method, discrete strain gap method, and kinematic interpolatory method were introduced.
Hybrid and mixed finite element formulations can be used to naturally avoid locking effects, without a need to resort to any numerical tricks. Special types of these formulations are the socalled equilibrium-based formulations, first introduced in [12, 13] for small elastic deformation problems. They are very often derived from complementary variational principles. In these formulations, the approximate fields are chosen so that the stress fields are in equilibrium or, in other words, internal equilibrium and continuous stress transmission between elements are satisfied exactly. In contrast, the compatibility differential equations and the Dirichlet boundary conditions are only satisfied in a weak form. The numerical solutions obtained with these models are called statically admissible solutions. These formulations have a special appeal for practical design engineers, despite the popularity of the conventional displacement formulations, due to the exact transmission of stresses across boundaries between adjacent structural members. This avoids the need for the 'averaging' procedures required to obtain unique nodal values of stresses when resorting to displacement formulations. In fact, in structural engineering design, the stresses are often the variables of most interest, whereas the displacements are of secondary interest. Indeed, although displacement formulations can lead to sufficiently accurate displacement fields, the corresponding stress fields may be highly erroneous. This occurs since the accuracy of the approximate displacement field rapidly deteriorates when differentiations are required to compute other results, such as stresses or strains. In contrast, for equilibrium formulations, the stresses are computed as fundamental unknowns. Examples of equilibrium-based finite element formulations for geometrically non-linear beam problems were presented in [33, 35, 32 ]. An equilibrium-based formulation for non-linear elastic cables can be found in [34] . For further details on these formulations the reader is referred to [31] .
A finite element formulation for non-linear composite beams with partial interaction considering only forces and moments as fundamental unknowns that satisfy a priori the equilibrium differential equations was proposed in [30, 29] . However, besides being based on the Euler-Bernoulli beam theory, disregarding therefore shear deformation effects, such a formulation leads to slip distributions that are not continuous across the inter-element boundaries. A mixed formulation also for non-linear Euler-Bernoulli-based composite beams was introduced in [4] . Such a formulation not only uses two types of approximations, i.e., displacements and internal forces/moments, which require to comply with additional stability conditions, it also leads to solutions that do not satisfy the equilibrium differential equations of the problem in a strong form.
In this work, a hybrid equilibrium-based finite element formulation for the analysis of composite Timoshenko beams with partial interaction is introduced for the first time. This formulation relies on a variational principle of complementary energy only involving force-and moment-like variables as fundamental unknown fields, and leads to statically admissible solutions, i.e., solutions that satisfy all the equilibrium conditions in a strong form. Unlike traditional displacement-based finite element formulations, the proposed scheme is naturally free from both shear-and slip-locking phenomena. Feasibility and effectiveness of the proposed formulation is numerically demonstrated through the analysis of several numerical tests.
Boundary-value problem
The aim of this study is to investigate the behaviour of composite beams with two material layers with a shear flexible interface as shown in Fig. 1 . As discussed in the previous section, the Timoshenko (or first-order shear deformation) theory is adopted to describe the deformation of the beam layers. Hence, transverse shear deformations are allowed, and the rotation angle and shear deformations are assumed to be identical in the two layers. In addition, the following assumptions are considered: (i) no uplift occurs between the two layers (i.e., both layers have the same transverse displacement); (ii) slip can occur at the interlayer (i.e., partial interaction is assumed); (iii) the layers are connected continuously by means of longitudinally distributed shear connectors; and (iv) the material behaviour is linear elastic.
An initially straight, planar, two-layer Timoshenko beam whose centroidal axis is parameterized by 
The beam is subjected to a distributed transverse load q(x) and a bending moment m(x) applied in X; a concentrated axial force N, a shear force V and a bending moment M applied on C N ; and a pre- Let us consider the equilibrium of the infinitesimal beam element of length dx depicted in Fig. 2 . It can be easily seen that the equilibrium of such an element can be expressed by the following differential equations in X
representing equilibrium of shear forces, bending moments and axial forces, respectively, where (Á) 0 stands for the derivative of (Á) with respect to x.
The equilibrium conditions defined at the cross-section can be expressed as
with h = h 1 + h 2 . N and M stand for the axial force and bending moment fields.
The compatibility differential equations, according to the Timoshenko beam theory, are given in X by
with c being the shear deformation, j the bending curvature and e i (i = 1, 2) the axial deformation of layer i.
The cross-sectional compatibility relationship defines the interface slip field u s as
The constitutive relationships in X are taken as
being the shear rigidity of the whole cross-section, where k i is the shear correction coefficient of layer i, which depends on the cross-section geometry of the layer. E i , G i , I i and A i denote the Young's modulus, shear modulus, moment of inertia and cross-sectional area, respectively, of layer i. k s stands for the interlayer slip modulus. The Dirichlet (or compatibility) boundary conditions of the problem are given on C D as follows
The Neumann (or equilibrium) boundary conditions of the problem are given on C N as follows
Let us introduce the total potential energy functional with D = E 1 I 1 + E 2 I 2 . U k represents the kinematically admissible space defined as
It can be shown that, under the subsidiary conditions (3), the total potential energy renders a stationary principle. To see this, let us consider the first variation of P p with respect to its arguments, which reads
This, upon substitution of the constitutive relations (5) and the compatibility Eq. (4), and after integrating by parts, gives rise to
It can now be easily seen that the stationarity conditions of the total potential energy, which are determined from dP p = 0, are the equilibrium conditions (1) and (7). Standard displacement-based finite element formulations are typically constructed on the basis of the principle of stationary total potential energy. Following [32, 40] , the total potential energy functional can be transformed into the total complementary energy functional P c : U s ðXÞ ! R defined as
where U s represents the statically admissible space defined as
Under the subsidiary conditions of equilibrium (1) and (7), the total complementary energy renders a stationary principle. To see this, let us consider the first variation of P c under the subsidiary conditions of equilibrium, which gives
This, upon substitution of the constitutive relations and after integrating by parts, gives rise to
This clearly shows that the total complementary energy renders a stationarity principle under the compatibility conditions (3), (4) and (6) . Hence, force-based finite element formulations can be constructed on the basis of this principle.
Let us now assume that the entire domain X is partitioned in subdomains X e & X, such that X
where n int is the number of inter-element and Neumann boundaries and C i is the inter-element boundary i. s(Á)t stands for the jump of (Á) on C i . U Ã s represents a modified statically admissible space defined as (7) and, in addition, the inter-element equilibrium conditions on C int
and inter-element compatibility conditions on C int
Finite element approximations
A hybrid equilibrium finite element formulation for the analysis of Timoshenko composite beams with partial interaction is introduced in this section. This formulation relies on the hybrid form of the complementary energy principle presented in the preceding section.
Let us beforehand define H For the sake of simplicity, and without loss of generality, let us consider the case of beams under transverse uniformly distributed loads and zero-valued distributed bending moments, i.e., q = cte and m = 0. Let us also consider homogeneous Dirichlet boundary conditions.
The simplest finite-dimensional approximation to U Ãh s & U Ã s is obtained assuming the following trial finite element approximations for bending moments
where the pairs M The approximations for shear and axial forces are taken as
Here, V 0 ,N 10 and N 20 represent the shear force and axial force parameters defined at x = 0. The approximation for shear flux is assumed as
A Galerkin approach is adopted, i.e., the problem is numerically approached assuming the same trial and test approximation function spaces. It is worth noting that these approximations are such that all equilibrium differential equations hold in a strong form. It is also important to remark that the approximations for bending moments are selected so that the inter-element moment equilibrium is satisfied a priori. This avoids the need to enforce inter-element continuity of moments through the augmented Lagrangian L c .
The discrete form of the hybrid complementary energy is therefore obtained as
where n e is the number of beam elements and n int is the number of inter-element and Neumann boundaries. Note that the term corresponding to the enforcement of the inter-element moment equilibrium conditions was dropped, as it is not necessary in light of the arguments mentioned above. Considering a single finite element, differentiation of L h c with respect to the unknown element parameters gives the governing system of equations as
where s e is the vector of element parameters collected as
and k is the vector of Lagrange multipliers associated with the element boundaries i and j, defined at x = 0 and x = L e , respectively, as follows 
F e is the element flexibility matrix given as the following decomposition e and F C e the flexibility matrices associated with the interlayer slip deformation, bending and axial deformations of beams 1 and 2, and shear deformation of the beam, respectively. A e is the element equilibrium matrix. For the definition of these matrices, the reader is referred to the Appendix.
Simple direct allocation operations on the elementary systems of equations are finally performed to set up the assembled (global) governing system of algebraic equations for the finite element mesh, from which the approximate solutions for all force and bending moment variables as well as the Lagrange multipliers are computed.
The interlayer slip displacement u h s is computed from the constitutive relation (5f). The pseudo-curvature j h can be uniquely obtained either from (5b) or (5c). Once the pseudo-curvature is known, the cross-sectional rotation h h is obtained by integration of the compatibility Eq. (3b) along the beam elements. Afterwards, making use of h h , the transverse displacement w h arises naturally from the integration of (3), where the shear strains c h are obtained directly from the constitutive relation (5a). Note that, the constants of integration that arise from the integration of Eqs. (3b) and (3a) along the elements are uniquely determined by enforcing all the interelement compatibility and Dirichlet boundary conditions.
Numerical results
To validate and assess the accuracy and effectiveness of the proposed hybrid equilibrium element, several benchmark problems are analyzed. The obtained results are compared with the exact analytical solutions when they exit; the latter were computed using the results presented in [42, 16, 41] . The cross-section adopted in all cases is depicted in Fig. 3 , with H 1 = 20 cm, H 2 = 30 cm and b = 30 cm. In all problems, the shear correction coefficients were taken as k 1 = k 2 = 5/6.
Simply-supported beam
A simply-supported beam under a uniformly distributed load as depicted in Fig. 4 is first considered. The beam length and distributed transverse load were taken as L = 250 cm and q = 0.5 kN/cm. The material parameters of the beam were taken as E 1 = E 2 = 1200 kN/cm . This problem was first analyzed in [36] .
Uniform meshes of 2, 4, 8, 16, 32, 64 and 128 finite elements were considered.
It is of particular interest to study the convergence of the mid-
and interlayer slip u h s ð0Þ of the beam. The results obtained assuming the low stiffness connection are displayed in Table 1 . Clearly, the computed results for all quantities converge to their corresponding exact solutions. Most notably, the rotation h h (0) obtained on the coarsest mesh already matches the exact one when considering 8 significant digits. As for the mid-span transverse displacement, a mesh of 32 finite elements is required for the numerical solution to match the exact one considering the same precision.
Still assuming the low stiffness connection, the convergence of the mid-span bending moment M Table 2 . All quantities converge to the exact ones. Further, as it can be seen, both the computed bending moments and shear forces match the exact ones for all meshes.
The diagrams of internal bending moments and shear forces obtained on the 2 finite element mesh are depicted in Fig. 5(a) and (b), respectively. As expected, piecewise-quadratic and piecewise-linear polynomial distributions were produced by the formulation for bending moments and shear forces, respectively. As it can be seen, either the bending moment or shear force distributions are continuous along the inter-element boundaries. In addition, equilibrium conditions M
Notably, as the exact solutions for the bending moment and shear force are quadratic and linear polynomials, respectively, as a result of the uniformity of the applied transverse load, the proposed formulation is capable of producing the exact solutions for M and V even on a 2 finite element mesh.
The computed cross-sectional rotation and transverse displacement fields obtained on the 2 finite element mesh are depicted in Fig. 5(c) and (d) , respectively. As it can be observed, the solutions for both h and w are continuous along the inter-element boundaries. Also, the transverse displacement field satisfies the compatibility boundary conditions given as w(0) = w(L) = 0. The results on the mesh with 2 finite elements are already very close to their corresponding exact solutions, as it can be concluded from the analysis of Table 1 . It was therefore decided not to include the results obtained on the remaining meshes into the figures, as they would seem coincident with the presented ones.
The interlayer slip flux and interlayer slip displacement fields obtained on the 2, 4 and 128 finite element meshes are represented in Fig. 6 . The numerical solutions are clearly convergent, with the errors of the solutions being greater near the beam ends. To demonstrate numerically that the proposed finite element formulation is free from slip-locking, the interlayer slip modulus was set to k s = 2430 kN/cm 2 . The new sets of interlayer shear fluxes and slip displacements obtained on the meshes with 2 and 128 finite elements are depicted in Fig. 7 . Clearly, even with the coarsest mesh, the results are already very accurate, being less accurate near the boundaries, and no slip oscillations are observed. This proves the insensitivity of the proposed formulation to the sliplocking phenomenon.
Finally, the sensitivity of the formulation to shear-locking is numerically assessed. To do so, for different length-to-thickness L/h ratios, the mid-span transverse displacement of the two-layer Timoshenko composite beam obtained with the proposed formulation on a 2 finite element mesh, w h T ðL=2Þ, is compared with the exact value given by the Euler-Bernoulli theory for the same problem, w EB (L/2), see therefore be concluded that the proposed finite element is free from shear-locking.
Continuous beam
In order to assess the influence of the shear modulus on the mechanical behaviour of two-layer Timoshenko beam structures [36] , a parametric study is now performed for the continuous beam problem depicted in Fig. 9 . The material parameters were taken as in the previous problem, i.e., k s = 0.243 kN/cm 2 , E 1 = E 2 = 1200 kN/cm 2 , except for the shear modulus, which was assumed to take the following three different values:
The length of the beam was taken as L = 500 cm. A uniform transverse distributed load q = 0.5 kN/cm was considered.
A single uniform mesh of 12 finite elements was considered for the analysis. The left-hand span of the beam was discretized into 4 elements, whereas the right-hand span was discretized into 8 elements.
The solutions obtained for the pairs (M, V), (h, w) and (N 1 , u s ) are depicted in Fig. 10 . The first conclusion that can be drawn form the analysis of the figures is that all solutions are continuous across the element boundaries, as well as satisfy the corresponding boundary conditions. In addition, it can be observed that the shear modulus has a strong influence on the structural response of the model. More specifically, while the interlayer slip displacement increases with increasing shear modulus over the left-hand span, it decreases with increasing shear modulus over the right-hand span. The same can be said about the transverse displacement. Also the cross-sectional rotation and axial force fields are affected by the shear modulus. As for the bending moment and shear force fields, the shear modulus has little influence on their distributions.
Clamped-simply-supported beam with axial load
A clamped-simply-supported beam as depicted in Fig. 11 is now considered. The beam is subjected to a uniformly distributed transverse load and an axial force at its simply-supported end. The material parameters were taken as in the simply-supported beam problem, i.e., k s = 0.243 kN/cm Table 3 , whereas those obtained for the last three quantities are given in Table 4 . As it can be seen, all quantities are convergent. Furthermore, the solutions obtained for quantities (i), (iii), (iv) and (v) are very accurate even on the coarsest mesh. As for quantities (ii) and (vi), finer meshes are required for the formulation to produce relatively accurate solutions.
The solutions obtained for the internal bending moment and shear force fields on the 2 finite element mesh are depicted in Fig. 12(a) and (b), respectively. As was observed in the previous numerical examples, the obtained distributions are statically admissible. To the best of the authors' knowledge, none of the approaches previously proposed in the literature for layered Timoshenko composite beams with partial interaction have the ability to produce statically admissible stress distributions. The cross-sectional rotation and transverse displacement fields obtained on the 2 finite element mesh are represented in Fig. 12(c) and (d), respectively. Again, as in the preceding cases, these solutions are continuous and satisfy all the compatibility boundary conditions of the problem, which are defined in this case as w(0) = w(L) = 0 and h(0) = 0.
The axial force on layer 1 and interlayer shear flux distributions obtained on the 2, 8 and 128 finite element meshes are shown in Fig. 13 . As it can be observed, the axial force field satisfies the equilibrium condition N 1 (L) = P. It can also be seen that, while the solutions obtained on the 2 finite element mesh are still relatively inaccurate, the solutions obtained on the 8 finite element mesh almost coincide with those computed on the 128 finite element mesh, which from a numerical point of view, may be regarded as reference solutions.
Conclusions
A novel finite element formulation for the static analysis of Timoshenko composite beams with partial interaction was introduced. The formulation is variationally consistent with a complementary-energy-based principle only involving force-and moment-like variables as fundamental unknown fields. The approximate fields are chosen so that the force/moment fields are in equilibrium, i.e., internal equilibrium and continuous force/moment transmission between elements are satisfied exactly. The accuracy and effectiveness of the new formulation was assessed numerically through the analysis of several problems. Unlike traditional displacement-based finite element formulations, the proposed formulation is naturally free from both shear-and slip-locking phenomena. The formulation can be extended to both dynamic and buckling scenarios. Another appealing future development is the extension of the proposed formulation to the case of multi-layered beams. 
